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variants of the DTU approach, the free parameters in the Pomeron 

multiplicity distribution are determined by the ratios ~~~~~~~~~~~~~~~ 

and ~diffractive/atotal. Given that these ratios are fairly stable over 

the explored range of hadronic CM energies Js, the Pomeron multiplicity 

distribution is roughly the same at fixed target energies as at 

colliders. In a representative model of this kind, the one implemented 

in ISAJET [5], the resulting variation in mean multiplicity with energy 

is smaller than is seen in the data. Therefore, fixups have had to be 

introduced, like making the chain fragamentation function 

energy-dependent. 

One should also note that the predictive power is rather limited 

for details like how the leading baryon effect arises, how the different 

chains share the total energy available, how hadrons actually are 

produced from these chains, what longitudinal and transverse momentum 

particle spectra one should expect, etc. Even more disturbing, there is 

no direct link to a perturbative QCO picture for hard parton-parton 

scatterings. 

In different connections it has been pointed out [6-lo] that the 

probability to have several fairly hard parton-parton interactions in 

one single event is not negligible, particularly not at higher energies. 

The detailed phenomenology has only been worked out [7,8] for the case 

of (three or) four high-p1 jets resulting from two interactions in the 

same event. In this paper we want to explore the option of allowing an 

arbitrary number of parton-parton interactions. Most of these 

interactions will be fairly soft, but not so soft that the usage of 

perturbation theory is completely nonsensical (n2<<Q2<<s). Whereas the 

resulting jets are normally too soft to be observed as such, the concept 
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of multiple interactions significantly affects our understanding of the 

ordinary "minimum bias" or "low-p U events. Since this is a first I 

attempt in a new field, we will leave a number of fundamental questions 

unanswered, and rather try to establish the viability of the "multiple 

parton-parton interaction" approach as such. 

A note on terminology. In the following, we will use the word 

“scattering" as shorthand for a reasonably hard parton-parton 

interaction, like qq+qq, qij-tgg, qg+qg, gg+gg or gg+qq. Indeed, we would 

prefer to denote our approach "multiple parton-parton scattering", 

except that this may evoke a picture of one single parton scattering 

against several partons in the colliding hadron, whereas our main 

interest will be in interactions between disjoint pairs of partons. 

The objective is to give a description for the complete event 

structure, in as much detail as can be observed experimentally; 

therefore analytical methods are seldom useful. Instead, all 

phenomenological investigations have been carried out within the 

framework of the Lund Monte Carlo. Roughly speaking, the task of 

setting up the parton configuration resulting from a hard scattering is 

handled by the PYTHIA routines [ll], whereas subsequent fragmentation 

and decays have been performed by JETSET version 6.1 [12]. One outcome 

of the present paper is a new version 4.2 of PYTHIA, which obviously is 

available to interested users. 

II. THE NAIVE APPROACH 

In order to appreciate the necessity for multiple parton-parton 

interactions, it may be useful to demonstrate the shortcomings of 

simpler models. In this section we will introduce these simpler 
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schemes, which anyhow will be used as building blocks in later sections, 

and illustate the experimental implications. 

In this paper, the Lund model for jet fragmentation [13] will 

always be used to transform a given parton configuration into 

experimentally observable particles. This model uses the kinematics of 

the massless relativistic string with no transverse degrees of freedom, 

to provide a Lorentz covariant description for the flow of energy and 

momentum due to a linear confinement potential. In this framework, a 

quark, diquark, antiquark or antidiquark is considered as an endpoint of 

the string, whereas a gluon corresponds to a kink on it. The tunneling 

mechanism is invoked to explain how the string breaks, by the production 

of new q-q or qq-@j pairs, to produce primary hadrons, which then may 

decay further. This model has a strong support in e+e- two- and 

three-jet phenomenology [14], and has also fared well in comparisons 

with leptoproduction data [15]. In particular, for hadron-hadron 

collision studies, we will assume that all parameters of the model have 

been determined from other data, i.e. we will apply jet universality. 

For high-PA jets this assumption is probably rather uncontroversial, 

whereas the validity as to beam jet hadronization is completely unknown. 

The simplest possible way to produce a hadronic (inelastic, 

nondiffractive) event is to have an exchange of a very soft gluon 

between the two colliding hadrons. Without (initially) affecting the 

momentum distribution of partons, the "hadrons" become colour octet 

objects rather than colour singlet ones. If only valence quarks are 

considered, the colour octet state of a baryon can be decomposed into a 

colour triplet quark and an antitriplet diquark. In a baryon-baryon 

collision, one would then obtain a two-string picture [16], with each 
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string stretched from the quark of one baryon to the diquark of the 

other, Fig. la, whereas a baryon-antibaryon collision would give one 

string between a quark and an antiquark and another one between a 

diquark and an antidiquark, Fig. lb. The two strings are assumed to 

fragment independently of each other. 

It remains to be specified how the two strings should share the 

available energy. Following [17] one may e.g. choose an ansatz 

f(X) = 11-x)2 
(XW) t 

(1) 

for the fraction x that the quark takes of the baryon energy, with l-x 

going to the diquark. The cutoff c= Zmq/&O.6 GeV/Js is not really 

necessary here, but is included for further reference; the mean value is 

<x> = l/7 for c=O and larger for nonzero c, i.e. the energy is shared 

fairly evenly among the three quarks of the original baryon. 

In Fig. 2 we compare this model with the UA5 (corrected) data on 

the charged multiplicity distribution for 540 GeV pp interactions 

[18,19], and we imnediately note that the model gives far too narrow a 

distribution. This is basically the statement that multiplicity 

distributions in e+e- annihilation are much more narrow than in hadron 

physics (a string corresponds to an e+e- two-jet event). The extra 

element of having two strings that share the energy differently in 

different events does broaden the distribution, but not enough, even 

with other f(x) than the one we chose in eq. (1). At this point we 

should mention that, while well defined single diffractive events have 

been removed from the data, a not insignificant number of single and 
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double diffractive events remain. Since such events are not included in 

the models we study, the discrepancy at small multiplicities need not be 

that serious; it is the lack of a tail out to large multiplicities that 

makes the model unacceptable. 

Another important observable is the forward-backward multiplicity 

correlation, Fig. 3. This is defined in the following way. Consider 

two bins in pseudorapidity, one between An/Z and Art/Z + 1 (forward), the 

other between -AT&? and -(An/2 + l)(backward), i.e. two 1 unit wide 

bins separated by a central gap of An. Call the charged multiplicities 

in the two bins nF and nB, and define the correlation coefficient by 

2 

b= 
<nFnB>-<nF> 

<n:>-<nF>2 
(2) 

(Where c... > means taking average over all events, and where we have 

explicitly used that <nF> = <fig>, <nF2> = <nB2>). It is this number, b, 

that is plotted as a function of Aq in Fig. 3, again compared with UA5 

data [19,20]. Apart from a very small short range effect, the model 

does not predict any forward-backward correlations. This is with the x1 

and x2 values for the p and 5 sides chosen independently according to 

eq. (11, but even with XI = x2 (event by event) the resulting 

correlation is only a quarter of the observed one. 

A model that only contains partons with low transverse momenta is 

obviously a simplification. As will be discussed below, the 

perturbative QCO cross section for a "hard" scattering that gives the 

two partons transverse momenta of at least 1.6 GeV almost saturates the 
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inelastic, nondiffractive cross section. Such events will result in 

different string configurations [ll], one example for gg+gg is shown in 

Fig. lc. These configurations collapse continuously into the simple 

two-string picture of Fig. la or lb if the momentum transfer is allowed 

to go to zero, at least for the dominant one-gluon-exchange graphs. The 

only place where special care should be taken, at least in principle, is 

that the function f(x) in eq. (1) should be associated with the Q2=0 

limit of valence quark structure functions. 

The (aesthetical) urge to have this continuous transition from a 

high-p I to a low-p1 event was actually what made us choose the low-p1 

model the way we did, rather than using e.g. the one-string Lund low-pl 

model presented in [21]. The latter model has turned out to be very 

successful in describing fixed target data [22], and none of the 

essential deliberations In this paper would have been changed had we 

used it instead. 

The inclusion of hard scatterings actually results In negligible 

improvements in Figs. 2 and 3. The reason is that most "hard" 

scatterings still have p, for the scattered partons in the range 1.6-3 

GeV, i.e. not enough to make much difference in the event structure. 

A hard scattering is, by necessity, associated with the possibility 

of gluon bremsstrahlung. Our model for initial and final state 

radiation has been discussed in [23]. If these effects are included, 

some further improvements are noted in Fig. 2 and 3, but again far from 

enough. 

One effect [24] that does appear at this point, is that the mean 

charged particle transverse momentum <pl> is larger in events with large 

charged multiplicity rich. For the low-p I models, <pl) is actually 
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somewhat decreasing with nch because of secondary decays. This effect 

is not overcome by introducing hard scatterings, whereas the further 

introduction of bremstrahlung increases nch for those events with large 

p, for the scattered partons. 

In conclusion, we note that "one-scattering" models for hadronic 

events are woefully inadequate. Specifically, the long tail of the data 

out to large multiplicities is absent in the models. We now proceed to 

look into the possibility of multiple parton-parton interactions. 

III. MULTIPLE PARTON-PARTON INTERACTIONS 

The differential cross section for a par-ton-parton scattering is 

singular for the momentum transfer e+O (or B-xl), as expressed e.g. in 

the well-known rule of thumb that the p, spectrum for the partons from a 

hard scattering should behave roughly like dpz/pz. 

In order to better quantify this, define 

3 = i5k JJfdxldx2d~fi(xl,Q2)fj(x2,Q2)~ a(p12- y] 

I 

(3) 

where fi and fj are the structure functions for finding partons i and j 

in the two incoming hadrons (for the deliberations in this paper we have 

used EHLQ set 1 [25]; this is not a crucial assumption) and dGikj/de is 

the perturbative QCO cross section for the k:th subprocess for the two 

partons i,j. The three Mandelstam variables are related by $+*+a = 0, 

with $ = x1x2s. The definition of Q2 scale is uncertain and is not 

crucial, but should roughly be p we have mostly used the combination 
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2!?eb/(&?2+i!2tb2]. The integrated cross section to have a parton-parton 

scattering above plmin, 

'hard IP Imin) = "j 

P 
2 

@p dPL2 

lmin I 

(4) 

is uhard(4 GeV)%3 mb, ahard(3 GeV)a8 mb, uhard(2 GeV)r22 mb and uhard(l 

GeV)rJ130 mb at 540 GeV. 

The total inelastic, nondiffractive cross section ntot = 40-50 mb 

is exceeded for ~,,~,,=1.6 GeV. There is nothing magical about having 

ahard(Plmin~>otot~ however. Sometimes the two colliding hadrons will 

pass through each other without any single parton being significantly 

deflected (with “significantly" defined by plmin). Sometimes there will 

be one interaction (with p,>~,~~~) between two partons, one parton from 

each hadron. Sometimes there will be two pairwise interactions (each 

with P,'P,,~,), each involving a parton from each of the two hadrons. 

Sometimes there will be three, or four, or more, interacting parton 

pairs, with one parton of the pair from each hadron and no pairs sharing 

any partons (at least to a first approximation). If one wishes, each 

hadron can be thought of as a "bunch" of partons, with several 

interactions possible for a single "bunch crossing". The total cross 

section obviously is the sum of the cross sections for having none, one, 

two, three, etc., scatterings above pLmin, whereas ahard(plmin) is the 

cross section for having one scattering above P,,~~, plus twice the 

cross section for having two such scatterings, plus three times the 

cross section for three scatterings, etc. In other words, do/dp12 

counts the inclusive cross sections for having a parton-parton 
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interaction at the given p, value, i.e. sumned over whatever else may be 

going on in the same event. 

Allowing several interactions per event does not solve the problem 

with (r hard(PLmjn) diverging for PLmin +O. A study of eq. (3) shows that 

the average $ of a scattering decreases slower with plmin than the 

number of scatterings increases. One cutoff is then given by the fact 

that the energy carried off by scattered partons must be removed from 

further consideration, thus modifying eq. (3). At very high energies, 

coherence effects [9,26] will also reduce the probability for several 

interactions to take place close to each other. Neither of these two 

effects is enough to provide a sensible cutoff at present energies, 

however. 

The more mundane explanation is that, as the transverse momentum of 

an exchanged gluon is made very small, the gluon transverse size will 

increase as dictated by the Heisenberg uncertainty relation. Eventually 

the gluon will no longer be able to resolve the individual colour 

charges inside a hadron, and effectively no longer couple to the 

colliding hadrons. In other words, the perturbatlve matrix elements 

daijk/dt must have some kind of effective cutoff at the hadronic mass 

scale. Since the details of this cutoff are unknown, many one-parameter 

shapes could have been used. For the sake of simplicity and clarity, we 

have chosen a sharp cutoff at some given P,,~,,, retaining dai;/de 

unchanged above plmin. By the argument above, one would expect this 

P lmin cutoff to be independent of the total energy Jc of the collision. 

In an event with several scatterings, it is convenient to impose an 

ordering. The logical choice is to arrange the scatterings in falling 

sequence of x1, i.e. roughly in falling sequence of Q2. The "first" 
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scattering is thus the hardest one, with the "subsequent" ("second", 

"third", etc.) successively softer. It is important to remember that 

this terminology is in no way related to any picture in physical time; 

we do not know anything about the latter. In principle, all the 

scatterings that occur in an event must be correlated somehow, naively 

by momentum and flavour conservation for the partons from each incoming 

hadron, less naively by various quantum mechanical effects. When 

averaged over all configurations of soft partons, however, we should 

effectively obtain the standard QCO phenomenology for a hard scattering, 

e.g. in terms of structure functions. Correlation effects, known or 

estimated, can be introduced in the choice of subsequent scatterings, 

given that the "preceding" (harder) ones are already known. 

With a total number (actually cross section, but choose units so 

that the luminosity L=l) of hard scatterings uhard(plmin) to be 

distributed among the number otot events, the average number of 

scatterings per event is just the ratio uhard(plmin)/~tot. As a starting 

point, we will assume that the parton-parton interactions in a given 

hadron-hadron collision take place completely independently of each 

other. The number of scatterings is then distributed according to a 

Poissonian with mean @ hard(Plmin)'utot' For Monte Carlo generation of 

these scatterings it is useful to define 

P(Xl) = L- 
atot k 

(5) 

with xI = Zp,/& and do/dxl obtained by analogy with eq. (3). Then 

p(x,) is simply the probability to have a parton-parton scattering at 

x1, given that two hadrons collide. 
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The probability that the hardest scattering, i.e. the one with 

highest xI, is at xsl is then given by 

p(xll) exp(- ~'p(x:ldx~) 
X 11 

(6) 

i.e. the naive probability to have a scattering at xI1 multiplied by the 

probability that there was no scattering with xI larger than xzl. 

Correspondingly, the probability to have the second hardest scattering 

at *12 is given by 

X 
tdxll 
12 

exp[-xJ1p(x:]dx;] p(xll) exp[-~~'p[x~~dx:l p[xlB) = 

11 12 

(7) 

= p(x121 ix; p(xildxi) exp~-x.flp(x~)dxl) 

12 r2 

i.e. the product of the probabilities to have no scatterings between 1 

and xI1, to have one at xI1, to have none between xI1 and xl2 and to 

have one at xi2, integrated over all possible xI1. In general, for the 

n:th scattering, the exponentials always sum up to give the integral 

between xln and 1. The nested integral over scatterings 

x~~>x~~>.....>x~~~~>x,~ is given by 
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J1dXllp[xLl) Y'ix12~[xA2J*** 
'l(n-2) 

X An X X 
Idxl(n-lIp(xl(n-IIJ = 

rn rn 

(8) 

= & IxJ1dx)on-l 
zn 

so that the probabillty for a n:th scattering at xln becomes 

1 I 
p(xln) &l! (x1 p(xl)dxl) ' n-lexp(- ] p(xi)dxl) 

In 
X rn 

(9) 

The total probability to have a scattering at xI, irrespectively of it 

being the first, second or whatever, obviously is 

n~l~[x~~&$ 1 dxi p[xil)"-'exp(- i dxip(xll) = p(xll 
X X 

L I 

(10) 

The multiple interaction formalism thus retains the correct perturbative 

QCO expression for the scattering probability at a given xL. 

With the help of the integral 

s/4 
P(x,) = I’P(x; ]dx; = i--- f &- dp; 

X I 
'tot sxA2/4 dp; 

(11) 

(where we assume P(xl)-@ for xI-@) and its inverse P-l the iterative 

procedure to generate a chain of scatterings 

X sl>xL2>....' is described by 
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xsi = P-'(P(x~(~-~)) - In Ri] (12) 

where the Ri are random numbers evenly distributed between 0 and 1. The 

iterative chain is started with a fictitious xl0 = 1 and is terminated 

when xii is smaller than xLmin = 2~,~,,/Js. Since P and P 
-1 are not 

known analytically, the standard Monte Carlo procedure is to find a 

;(x,) 2 p(x,) for all xL>xlmin, with b a particularly simple function, 

like constant/x13(i.e. using the approximate dp12/p14 behaviour noted 

earlier), which can be analytically integrated and inverted. From the 

chain thus generated, a given xii is to be retained with probability 

In addition, for each xI value chosen, further variables have to be 

found according to the matrix element. This involves selecting T = x1x2 

and xF = x1 -x2 for each incoming parton pair, resolving the twofold 

ambiguity between e and x1. 

e=-+e( l&g , (13) 

choosing flavours for the incoming partons and, where necessary, for the 

outgoing ones. All this can be handled using standard Monte Carlo 

techniques, in particular by generalizing p(x,) and f;(x,) above to be 

functions also of 7, xF etc. 

Whereas the ordinary structure functions should be used for the 

hardest scattering in order to reproduce standard QCO phenomenology, the 

structure functions to be used for subsequent scatterings must depend on 

all preceding x values and flavours chosen. We do not know enough about 
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the hadron wave function to write down such joint probability 

distributions (some suggestions are found in [27,17,7,8]). To take into 

account the energy "already" used in harder scatterings, a conservative 

approach is to evaluate the structure functions, not at xkn for the n:th 

scattered parton from hadron k, but at 

n-l 

'kn = 'kn/ ( If:, 'kil (14) 

This will be our standard procedure in the following; we have tried a 

few alternatives without finding any significantly different behaviour 

in the final physics. 

In a fraction exp(-P(xlmin )) of the events there will be no hard 

scattering above x rmin when applying the iterative procedure in 

eq. (12). In that case we assume that one single soft scattering takes 

place below xlmin, to give the simple two-string low-p1 configuration 

described in section II. 

IV. SOME FIRST RESULTS 

The discussion in the previous section does not exhaust the list of 

model details and uncertainties, but it may be valuable to pause at this 

point and consider how the model fares when compared with the data. 

As we saw, there is one main free parameter in the problem, pLmin. 

As P,min is decreased, the average number of scatterings increases, and 

so do the fluctuations. Events which contain a large number of 

scatterings also have large multiplicities. In Fig. 4 it is shown how 

the multiplicity distribution evolves as plmin is decreased from 2.0 to 

1.6 to 1.2 GeV. At the same time, the average number of scatterings 
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increases from 0.56 to 1.01 to 2.11. A fair agreement with the 

high-multiplicity tail is obtained for plmin = 1.6 GeV. The 

forward-backward correlation is now of significant size, Fig. 5, since 

the number of scatterings strongly influences the multiplicity in both 

hemispheres simultaneously. The correlation strength would be further 

increased by the introduction of diffractive events, which have 

lower-than-average multiplicity in both hemispheres. 

One important constraint is that the mean charged multiplicity 

should come out in agreement with the data. The experimental number is 

roughly <rich> = 29 [18]; since this is contaminated by diffractive 

events, we may allow values in the range 30-35 at the present stage of 

the game. As it is, the simple two-string low-pl model gives <rich> ~28 

by itself, so there would have been little room for multiple 

scatterings. In order to avoid this, we had to reject the shape of 

eq. (1) and instead adopt 

(15) 

which, at 540 GeV, has <x> = 0.044 rather than the 0.148 of eq. (1). 

This decreases the low-p I model <rich> to 23. Including multiple 

interactions, the distributions for pAmin = 2.0, 1.6 and 1.2 GeV then 

have <rich> = 29,33 and 42, respectively. 

Some further improvements are to be had by making the x 

distribution even more asymmetrical. An extreme case is provided by the 

Lund one-string low-pl model [21], which by itself has <rich> = 17. If 

this model is used for all events that do not contain a hard scattering, 
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and eq. (15) is used (when needed) for events containing at least one 

hard scattering, P,,~,, = 1.5 GeV in many respects gives a fair agreement 

with the data. Also part of the "missing" low-multiplicity events are 

now included, and as a result the forward-backward correlation strength 

is increased to the level of the data. However, the discontinuity in 

physics between high-p1 and low-pl events shows up as an ugly dip in the 

multiplicity distribution around <nch > = 25, so we are forced to reject 

such a scenario. 

In conclusion, from now on we will use pLrnin = 1.6 GeV and eq. (15) 

as our standard scenario for multiple interactions. In particular, we 

will assume that the pLmin value is independent of the collision energy 

Js. The pLrnln determination masks a large number of uncertainties in the 

model, so that e.g. a modification in the handling of structure 

functions for secondary scatterings, naively changing the average number 

of scatterings and thus agreement with the multiplicity distribution, 

could be compensated by a shift in the plmin value. 

The interpretation of "hot spots" in the UA5 data 1281 is a useful 

illustration to the importance of multiple interactions. The 

experimental definition of a hot spot is a 0.5 units of pseudorapidity 

wide region, containing at least 6.7 t 0.1 nch charged particles, where 

nch is the total charged multiplicity of the event. In 6339 events 47 

hot spots were found, or 0.0074 per event. Naive low-p1 models give 

roughly a factor 20 too low a rate. Even with the inclusion on one hard 

scattering above 1.6 GeV and initial and final state radiation, the rate 

is only a third of the desired one. In a multiple interaction Monte 

Carlo run, 8801 events produced 65 hot spots, giving exactly the 

experimental rate. Further, where data showed that events with hot 
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spots had a average charged multiplicity of 47, and a pseudorapidity 

plateau height of 7 around the spot, the corresponding numbers for the 

Monte Carlo events were 48.5 and 6.5, respectively. 

V. LIMITATIONS IN THE MODEL 

In this section we will discuss some further details of the model, 

in particular those where the present paper may be considered as a 

"first pass" attempt, that could be improved on by further work. 

One major problem, not discussed so far, is the questlon of colour 

flow. In simpleminded independent fragmentation models, like ISAJET, 

all outgoing partons are assumed to fragment independently of each 

other, however close they are. Such a scenario is contradicted by e'e- 

data [14]. In the Lund model [13], colour strings are attached to the 

partons, with one string piece attached to each quark and two to each 

gluon, corresponding to the larger colour charge of a gluon. In [29,11] 

it has been discussed how ambiguities arise for parton-parton 

scatterings in hadron physics. To a first approximation, the standard 

perturbative QCO cross sections can be subdivided into different pieces, 

each with a well defined colour flow structure. Unfortunately, the 
n 

cross sections also contain pieces, down in relative magnitude by l/NcL 

with NC = 3 the number of colours, which correspond to interference 

terms between different possible string drawings. A working scheme can 

be obtained by neglecting those terms, or by distributing them among the 

well defined pieces in some fashion [ll]. 

The different colour flow configurations directly link the hard 

scattering partons to the hadron beam remnants, by virtue of each 

remnant carrying the opposite colour charge to whatever parton from it 
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partook in the hard scattering. For the case of a gluon being scattered 

out of a baryon, the baryon remnant could be subdivided into a quark and 

a diquark, giving the endpoints for the colour flow. In a multiple 

interaction framework a number of quarks, antiquarks and gluons are 

scattered out of the incoming hadron, and the situation is considerably 

more complex. The (non-Abelian) colour charges of the scattered partons 

can add up in different fashions, sometimes giving a large net charge to 

the hadron remnant. We do not know how to calculate the relative 

probability for different net colour charges, nor how to handle beam 

remnants with large charges. Therefore we have tried two simple 

schemes, and feel somewhat encouraged by the fact that these give almost 

the same results. 

As a first simplification, after the first (hardest) scattering has 

been found, it is assumed that all subsequent scatterings are of the 

type gg+gg. This way we do not have to consider e.g. hadron remnants 

where all the valence quarks have been scattered. The approximation is 

not a completely nonsensical one, in that the gg+gg subprocess indeed is 

the largest piece in the scattering cross section for small p, values, 

where most of the scatterings take place. Since qg+qg is not 

negligible, and since a q has a somewhat larger average x value, we have 

also used the full matrix element in the choice of x1 and x2 values for 

the two incoming partons, although both in the end were then assumed to 

be gluons. Differences between using the full matrix element or only 

the gg+gg one can be pushed into the choice of plmin value; pAmin = 1.6 

GeV was determined using the full cross section. 
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A first, simple scheme is to assume that each gg pair forms a 

colour singlet for all the subsequent (i.e. non-first) gg+gg 

scatterings. Then each such scattering just gives rise to a closed 

gluon loop (a double string) stretched between the two scattered gluons, 

Fig. 6a. Although differing in the details, such a scenario is actually 

reminiscent of the DTU approach, where each real Pomeron exhcange gives 

rise to a "double string" with vanishing net flavour content [l-5]. The 

colour structure of the beam remnants is completely determined by the 

first scattering, which is handled in the standard fashion [ll]. 

(Because of its ruggedness it is actually this, and not the following 

scenario, that is implemented in the publicly available PYTHIA version 

4.2). 

A more complex scheme is to define the colour flow of each 

scattering using the customary relative probabilities, but to require 

that the magnitude of the colour charge given to the beam remnants by 

the first scattering stays fixed. For each of the subsequent gg+gg 

scatterings, one triplet or antitriplet colour charge of each beam 

remnant gets "rerouted" and another one is attached, Fig. 6b. The 

physics behind such an assumption could be a desire on behalf of nature 

to avoid a buildup of a large colour charge in a beam remnant, so that 

the colour charges of removed partons are correlated. Alternatively, 

one could really imagine a beam remnant wlth a large net colour charge, 

but with gluons carrying most of this. In the limit of vanishing 

momentum the only effect of such a gluon would then be to "reroute" the 

colour charge in just the desired way. In this case, the model should 

be extended to include a distribution function in momentum fraction x 

for these beam remnant gluons. In the former case, when the existence 
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of such gluons is not invoked, the problem arises that occasionally a 

closed gluon loop may turn out to consist of just one gluon, Fig. 6c. 

The colour amplitude for such a graph as a whole must obviously be 

vanishing, but in our simplified treatment we only know the colour 

amplitude expressions for the subgraphs, which each by itself is 

nonvanishing. Therefore some extra rules have to be introduced, on how 

to modify the colour flow in case of failure. It is exactly this course 

we have implemented as the second sceme. 

When comparing the two schemes, Figs. 6a and 6b, again differences 

are marginal, at least at present energies. On the average, the latter 

gives a slightly larger multiplicity, if the same p,i, is used. This 

is because the matrix element for gg+gg is peaked for the gg invariant 

mass being close to the lower cutoff, 2plmin, but with different 

scatterings centered at slightly different rapidities (y = +1nxl/x2 for 

two incoming partons at x1 and x2). Then the average gg+gg subsystem 

mass is somewhat smaller than the average mass of two gluons taken from 

two different scatterings centered at different rapidities. 

The inclusion of initial and final state radiation for each 

scattering would lead to further complications with string drawing 

issues. In the present paper we have therefore only allowed such 

radiation related to the first scattering. Since subsequent scatterings 

usually are at low p, values, where radiation effects are small, this is 

probably not a bad first approximation. 

A more serious problem is the simpleminded space-time picture used 

for hadron collisions, specifically that we have considered all 

nondiffractive, inelastic events to be equivalent. This is true 

e.g. for e+e- annihilation, but in hadron collisions there is an impact 
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parameter which varies from event to event. A small impact parameter, 

i.e. a central collision, corresponds to a sizeable overlap of the 

hadronic matter of the two colliding partons, and the average number of 

parton-parton scatterings is high. Correspondingly, a large impact 

parameter, i.e. a peripheral collision, is associated with a small 

number of parton-parton scatterings. When integrated over all impact 

parameters, the standard perturbative QCD cross sections must obviously 

be recovered. At present collider energies, where the mean number of 

scatterings per event is of order unity, this underestimation of 

event-by-event fluctuations probably is not very important, either for 

the overall multiplicity distribution or the forward-backward 

correlation. At higher energies (and hence higher mean number of 

scatterings) the impact parameter degree of freedom is likely to play an 

important r81e. 

In order to quantify this effect better, one would have to have a 

model for the spatial distribution of energy inside a (fast) hadron, and 

study the hadron-hadron energy overlap pattern. This is an interesting 

field for further study. An indication of the size of the effect can be 

obtained by comparing the jet energy profile obtained in our model with 

the measured UAl one [30]. The requirement of a hard jet in the event 

implies that these events very likely have small impact parameters, and 

therefore should contain an above average number of extra scatterings. 

The result presented in [23], with initial and final state showers 

included, but without multiple interactions, is given in Fig. 7, 

together with the new results obtained with multiple interactions. As 

can be seen, the wings of the distribution, i.e. the "pedestal", are 

still too low. If the probability for multiple interactions is 
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increased by a factor of four for these events, one obtains fair 

agreement with the data. Of course, neither data nor model can be 

trusted enough to give more than a rough estimate, a factor three or 

five rather than four is by no means excluded. 

Technically, the change in the program is done by using a ntot = 12 

mb, rather than 47mb, in eq. (5). Of course in that case stat should no 

longer be thought of as a cross section, but rather as the effective 

size of the hadronic matter. Thus the result, at first sight maybe 

counterintuitive, that a smaller otot gives a larger average number of 

scatterings. A suitable average over the individual gtot values for 

events must of course give back the conventional number. 

It should be noted that the need for a higher multiple interaction 

probability in events with a hard jet is related to our use of string 

fragmentation, and the same conclusion is not reached when using 

independent fragmentation. (This was first noted running the Lund Monte 

Carlo in its independent fragmentation mode, but has recently been 

confirmed by ISAJET results [31]). This is because initial state 

radiation, associated with the presence of a hard scattering, results in 

a number of partons traveling more or less parallel to the beam 

remnants. These partons produce a sizeable number of hadrons when 

allowed to fragment independently of each other (in the CM frame of the 

two colliding hadrons). In particular, since the results for 

independent fragmentation are sensitive to the choice of parton shower 

cutoffs, a suitable tuning of the initial state radiation cutoff can 

produce the desired "pedestal" height. It would be very useful to find 

out how to distinguish these two scenarios from each other 

experimentally. An obvious place to look is in electron-proton 
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collisions at HERA, where multiple scattering effects are virtually 

absent. 

Finally, two further complications. In addition to having new 

pairs of partons for each subsequent scattering, occasionally one single 

parton from one of the incoming hadrons may successively scatter against 

two different partons from the other hadron [7]. Also, the 

Altarelli-Parisi Q2 evolution of the structure functions implies that 

two partons from the same hadron, which at high Q2 appear to be seperate 

and each may scatter against partons in the colliding hadron, in fact 

come from the same "initial" low-Q2 parton. Our limited understanding 

of the hadron wave function is a limiting factor to the modeling of 

either of these effects. 

VI. ENERGY DEPENDENCE 

Now, having commented on limitations, uncertainties and faults, we 

will take the model at face value and present some predictions, 

specifically with respect to energy dependence. 

In Table I, some results at different energies are summarized, all 

for the case of pfj collisions (results for pp would be rather similar). 

The Otot values, necessary as input, are rough estimates. The 

increase with energy in the average number of scatterings is slowed down 

by the increase in otot ; the latter effect is likely dominated by an 

increase in the number of peripheral (large impact parameter) 

collisions. 

The increase in the average number of parton-parton scatterings per 

event is our main point of disagreement with the DTU approach, at least 

as implemented in ISAJET at present [5], where an essentially 
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energy-independent Pomeron multiplicity distribution is used. As a 

result, whereas the present program and ISAJET agree on the average 

charged multiplicity at present collider energies, by virtue of both 

programs having been tuned to agree with existing data, the programs 

disagree significantly at SSC energies (40 TeV): our prediction of 134 

is a factor of two higher than the ISAJET number, 68 [32]. The number 

134 would have been 81 without multiple interactions and 43 if no 

high-p, scatterings at all were included. 

For comparisons with recent collider runs, we again emphasize the 

lack of diffractive events in the model. Using the 540 GeV data [18] to 

fix a resealing factor 29/32, the predicted number at 200 GeV is 21 and 

at 900 GeV 35. This should be compared with the preliminary UA5 numbers 

[32], 22.1iO.7 and 34.6t0.7, respectively. 

The mean transverse momentum is given for charged particles with 

pseudorapidity lnl<Z, as might be measurable in a central detector. 

Results for the full pseudorapidity range are roughly a factor 0.9 

lower. The increase in mean transverse momentum is obviously due to the 

increasing phase space for hard parton-parton scatterings. 

The KNO [34] plots of scaled multiplicity distributions have been 

very much appreciated in recent years. In particular, great emphasis 

has been placed on understanding the pattern of KNO scalebreaking, 

e.g. using fits to negative binomial distributions [35]. Our results 

for the KNO distribution at 20, 63 and 540 GeV are compared with the 

experimental data in Fig. 8 [18]. The lack of diffractive events leads 

to a too high mean value <n>. Therefore the theoretical curves are 

somewhat compressed in the n/<n> variable, even when the n distributions 

by themselves agree fairly well with the data, cf. Fig. 4. The pattern 
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of scalebreaking is the same in model and data, however. 

It should be emphasized that our "explanation" for the KNO 

distributions bears very little resemblance to much of the extensive 

theoretical literature on the subject, where one simple underlying 

principle is sought (for a few examples see [36]). In our approach, the 

approximate KNO scaling appears more or less by chance, and receives 

contributions from (at least) five sources. The basis is obviously 

formed by the ordinary fluctuations appearing in the fragmentation of a 

single string. Even in the simple low-p1 model, however, additional 

fluctuations arise because the energy has to be shared between the two 

strings. When including a not insignificant fraction of hard 

parton-parton scatterings at higher energies, there are fluctuations in 

the kinematical variables for each scattering, and also in the 

associated initial and final state radiation pattern. Further, the 

fluctuations in the number of scatterings (each having the kinematical 

variable fluctuations noted above) is added. Finally, not yet studies 

in detail, we expect the basic probability for multiple scatterings to 

vary from event to event depending on the impact parameter of the 

hadron-hadron collision. Actually, in the lack of the latter component, 

the present multiple interaction framework does not predict a 

significant additional KNO scalebreaking between 540 and 1600 GeV. 

To conclude this section, in Fig. 9 we show how the charged 

multiplicity is built up for a truly hard SSC scattering, with a p, for 

each of the two scattered partons of at least 500 GeV. In a "bare 

bones" picture, without any initial or final state radiation or any 

multiple interaction contribution, the expected mean charged 

multiplicity would have been 72. Including flnal state radiation 
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increases this to 115; with initial state radiation as well we reach 

210. The naive inclusion of multiple interactions, with etot = 100 mb, 

increases the figure to 265; assuming that the multiple interaction 

probability actually should be a factor four higher for these central 

collisions (i.e. an effective ctot = 25 mb) gives 433. In the latter 

case, there is an average of 14 scatterings per event, so destructive 

interference between different interactions [9,26] might here be 

nonnegigible and limit the numbers somewhat. As a best present 

estimate, we therefore assume roughly 350-400 charged particles per 

event, up by about a factor of 3 compared to the minimum bias 

background. 

The likely appearance of very high multiplicities at SSC energies 

has been pointed out before this by Field [37]; a charged multiplicity 

of 345 (and a total hadronic one of 598) is predicted for the same kind 

of events as above. This is without any multiple scattering formalism, 

however, and could be compared with our number 210. The discrepancy of 

a factor of 1.5 is probably mainly due to our usage of different 

fragmentation schemes (cf. our discussion about the jet energy profile 

in section V). Were we to use independent fragmentation rather than 

string fragmentation, we obtain 340 for the g=q option and 460 for the 

9-G one 1121, without invoking multiple interactions. Additionally, 

for independent fragmentation, the figures are sensitive to the choice 

of parton shower cutoffs (normally we use Q&t = 4 GeV2 both for 

timelike and spacelike showers). 
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VII. CONCLUDING REMARKS 

In this paper we have developed and explored a simple formalism for 

multiple parton-parton interactions within a single hadron-hadron 

collision. Throughout the paper, we have tried to give an honest 

assessment of the weak points in the present approach. Whereas that 

list indeed may seem discouragingly long, the compound uncertainty may 

still be at a level where it makes sense to use models of thls kind. In 

particular, several of the problems are hidden behind the necessity to 

determine the cutoff parameter plmin from experimental data anyhow. 

One may worry about details, but it should always be remembered 

that the presence of multiple interactions is an inevitable consequence 

of our standard perturbative QCD picture for hadronic interactions. The 

question is only at what level these phenomena appear. Here we have 

argued that the shape of the multiplicity distribution and the 

forward-backward multiplicity correlation, each by itself points to the 

need for a nonnegligible multiple interaction contribution at collider 

energies. 

We have in this paper tried to clear away the underbrush, and 

isolate the areas where further progress is needed. This includes 

obtaining a better understanding how the perturbative matrix elements 

are cut off at the hadronic mass scale, how the shape of the hadronic 

wave function builds up the impact parameter dependence of the multiple 

interaction probability, how the colour flow between the scattered 

partons and the beam remnants is arranged, and how the total, 

diffractive and elastic cross sections are related. Many of these 

questions have already been discussed within the framework of Dual 
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Topological Unitarization, but we disagree with a few of the assumptions 

normally made in this approach. 

One advantage with the present approach, is that the model is 

publicly available in the form of a Monte Carlo program, that can be 

used by experimentalists to compare directly with data. It is sobering 

to realize that, if major disagreements between model and data are 

found, it very likely signals that nature has seen fit to make the 

physics of hadron-hadron collisions even more complicated than suggested 

by the present paper. 
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TABLE I 

Results from Monte Carlo runs for pp collisions at various energies 

&, taking the nondiffractive, inelastic cross section to be otot. 

<n scat> is the average number of parton-parton scatterings, <rich> the 

average charged multiplicity and <pl> the mean transverse momentum for 

charged particles with pseudorapidity -2<n<2. 

JS Otot <n scat' <"ch' 

(GeV) 

:i 
200 
540 

WI 

:z 
35 
47 

0.016 0.17 8.8 14 
0.56 23 
0.90 32 

900 
1600 
5000 

15000 
40000 

1.14 39 
1.48 48 

70 2.28 
85 2.95 1:: 

100 3.77 134 

<PA> 

(GeV/c) 

0.36 
0.38 
0.41 
0.43 
0.44 
0.45 
0.48 
0.53 
0.56 
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FIGURE CAPTIONS 

Fig. 1. Schematic view of colour string drawing in hadron-hadron 

collisions. Full lines indicate strings, dashed outline 

outgoing hadrons, with a dot for each valence quark (antiquark) 

and an extra ellipse marking a diquark (antidiquark). 

a) Baryon-baryon collision 

b) Baryon-antibaryon collision 

c) Baryon-antibaryon collision containing a hard gluon-gluon 

scattering. 

Fig. 2. Charged multiplicity distribution at 540 GeV, UA5 results 1181 

vs. simple models: dashed low-pl only, full including hard 

scatterings, dash-dotted also including initial and final state 

radiation. 

Fig. 3. Forward-backward multiplicity correlation at 540 GeV, UA5 

results [19] vs. simple models; latter with notation as in Fig. 

2. 

Fig. 4. Charged multiplicty distribution at 540 GeV, UA5 results 1181 

vs. multiple interaction model: dashed pAmin = 2.0 GeV, full 

P lmin = 1.6 GeV, dash-dotted p,,i,, =1.2 GeV. 

Fig. 5. Forward-backward multiplicity correlation at 540 GeV, UA5 

results [19] vs. multiple interaction model; latter with 

notation as in Fig. 4. 

Fig. 6. Very schematic view of colour string drawing for multiple 

interaction events, drawn for the case of two gg+gg 

scatterings. For notation see Fig. 1; additionally dash-dotted 

lines from scattered gluons indicate how strings would have 
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been drawn to the beam remnants if each interaction had been 

considered on its own, whereas vertical dash-dotted lines 

inside hadron remnants indicate how the colour gets rerouted. 

a) Hardest scattering (uppermost) connected to beam remnants, 

subsequent scatterings give double string between outgoing 

gluons. 

b) Colours are originally connected to the beam remnants for 

each scattering, but are then rerouted to give double strings 

between outgoing gluons coming from different scatterings. 

c) Example how the colour flow can conspire to give a gluon 

(second from top) that naively does not have any partners. 

Fig. 7. Jet energy profile, UAl data [30] vs. model results: dashed 

without multiple scatterings [23], full with multiple 

scatterings, dash-dotted with multiple scattering rate 

increased by a factor four. 

Fig. 8. KNO distributions, data (compiled in [18]) vs. model results: 

dashed & = 20 GeV, full 63 GeV, dash-dotted 540 GeV. 

Fig. 9. Charged multiplicity distribution for hard scattering events, 

P,hard > 500 GeV, at 40 TeV: long dashes simple hard 

scattering with beam jets, dotted including final state 

radiation, full also including initial state radiation, 

dash-dotted adding on normal amount of multiple scattering, 

short dashes with multiple scattering rate increased by a 

factor four. 
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